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Abstract. The Lascoux-Leclerc-Thibon-Ariki theory asserts that the K-group of the 
representations of the affine Hecke algebras of type A is isomorphic to the algebra of 
functions on the maximal unipotent subgroup of the group associated with a Lie algebra 
where g is gL^ or the affine Lie algebra A9~\ and the irreducible representations cor- 
respond to the upper global bases. Recently, N. Enomoto and the first author presented 
the notion of symmetric crystals and formulated analogous conjectures for the affine 
Hecke algebras of type B. In this note, we present similar conjectures for certain classes 
of irreducible representations of affine Hecke algebras of type D. The crystal for type D 
is a double cover of the one for type B. 



I. Introduction 

Lascoux-Leclerc-Thibon ([3]) conjectured the relations between the representations of 
Hecke algebras of type A and the crystal bases of the affine Lie algebras of type A. Then, 
S. Ariki (pQ) observed that it should be understood in the setting of affine Hecke algebras 
and proved the LLT conjecture in a more general framework. Recently, N. Enomoto and 
the first author presented the notion of symmetric crystals and conjectured that certain 
classes of irreducible representations of the affine Hecke algebras of type B are described 
by symmetric crystals ([2])- 

The purpose of this note is to formulate and explain conjectures on certain classes of 
irreducible representations of affine Hecke algebras of type D and symmetric crystals. 

Let us begin by recalling the Lascoux-Leclerc-Thibon-Ariki theory. Let H A be the affine 
Hecke algebra of type A of degree n. Let K A be the Grothendieck group of the abelian 
category of finite-dimensional H A -modules, and K A = ® n>0 K A . Then it has a structure 
of Hopf algebra by the restriction and the induction functors. The set I — C* may be 
regarded as a Dynkin diagram with / as the set of vertices and with edges between a £ I 
and ap 2 . Here p is the parameter of the affine Hecke algebra, usually denoted by q. Let 
Qj be the associated Lie algebra, and g7 * ne unipotent Lie subalgebra. Let Ui be the 
group associated to gj. Hence gi is isomorphic to a direct sum of copies of A [ p if p 2 is a 
primitive £-th root of unity and to a direct sum of copies of gt^ if p has an infinite order. 
Then C (g> K is isomorphic to the algebra &{Ui) of regular functions on Uj. Let U q (gi) 
be the associated quantized enveloping algebra. Then U~(gi) has an upper global basis 
{G up (b)} beB{oo) . By specializing C[q, g _1 ]G up (6) at q = 1, we obtain &(XJi). Then the 
LLTA theory says that the elements associated to irreducible H A -modules corresponds to 
the image of the upper global basis. 
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In [2], N. Enomoto and the first author gave analogous conjectures for affine Hecke 
algebras of type B. In the type B case, we have to replace U~(qj) and its upper global 
basis with a new object, the symmetric crystals. It is roughly stated as follows. Let H B 
be the affine Hecke algebra of type B of degree n. Let K B be the Grothendieck group of 
the abelian category of finite-dimensional modules over H B , and K B = ©„^o 

K B . Then 

K B has a structure of a Hopf bimodule over K A . The group Uj has the anti-involution 
9 induced by the involution a \— > a" 1 of I = C*. Let Uj be the #-fixed point set of Uj. 
Then @(uf) is a quotient ring of 0(Ui). The action of ^(C/» ~C®K A onC®K B , 
in fact, descends to the action of &(Uf). They introduced the algebra Bg(g), a kind of 
a g-analogue of the ring of differential operators on Uf and then V^A), a g-analogue of 
ffiJJ®). The module Vg(X) is an irreducible Bg(o) -module generated by the highest weight 
vector cf)\. Then they conjectured that: 

(i) Vg(X) has a crystal basis and an upper global basis. 

(ii) K B is isomorphic to a specialization of Vg(X) at q = 1 as an ff(Ui) -module, and 
the irreducible representations correspond to the upper global basis of Vg(X) at 
q=l. 

The representations of H B such that some of Xi have an eigenvalue ±1 are excluded. 

In this note, we treat the affine Hecke algebras of type D. Let H B be the affine Hecke 
algebra of type D of degree n (H B = C © C, H? = C[X±), see § ED}. Let K B be the 
Grothendieck group of finite-dimensional H^-modules, and set K D = ® n>0 K B . In D- 
case, we use the same algebra Bg(o), but, instead of Vg(\), we use a i3e(g)-module Vg 
generated by a pair of highest weight vectors 4>± (see § 12.21) . Our conjecture (see § 13.41) is 
then: 

(i) Vg has a crystal basis and an upper global basis. 

(ii) K D is isomorphic to a specialization of Vg at q — 1, and the irreducible represen- 
tations correspond to the upper global basis of Vg at q — 1. 

The representations of H B such that some of Xi have an eigenvalue ±1 are again excluded. 
Note that the crystal basis for type D is a double cover of the one for type B. 

2. Symmetric crystals 

2.1. Quantized universal enveloping algebras. We shall recall the quantized univer- 
sal enveloping algebra U q (g). Let / be an index set (for simple roots), and Q the free 
Z-module with a basis {a{\i & i. Let (•, •): QxQ^Zbea symmetric bilinear form such 
that (aj,aj)/2 G Z >0 for any i and (a^, aj) G Z^ for i ^ j where ot{ := 2ai/{a il ai). 
Let q be an indeterminate and set K := Q(g). We define its subrings A , and A as 
follows. 

Ac = {f/g-J(q),g(q)eQ[ q ],g(0)^0}, 
(2.1) A^ = {//gs/^l.^leQ^jfoi/o}, 

A = Qiq^- 1 }. 

Definition 2.1. The quantized universal enveloping algebra U q (o) is the Y^-algebra gen- 
erated by the elements e«, fi and invertible elements ti {i G /) with the following defining 
relations. 

(1) The ti 's commute with each other. 

(2) tjei tj 1 = a and tjf i t~ 1 = q~( aj,ai '>fi for any i,j <E I . 



CRYSTALS AND AFFINE HECKE ALGEBRAS OF TYPE D 3 

(3) [e h fj] = Sij- l — for i, j G I, where q { := q^^)/ 2 . 

(4) (Serre relation) For i ^ j, 

B-^Vf"^ = £(-i) fe /f V,/r fc) = o. 

k=0 k=0 

Here b = 1 — (a^ , ctj) and 

e? } = 4/w , if = ft/m , 

[k]i = (g? - ?r*)/(ft - ft 1 ) > = [i]i • • • . 

Let us denote by U~(q) (resp. Ug(g)) the subalgebra of C/ g (fl) generated by the /j's 
(resp. the e^'s). Let e- and e* be the operators on U~(g) defined by 

[e i ,a]= {eta)U ~ t l! <a (aeU-is)). 
Qi-Qi 

Then these operators satisfy the following formula similar to derivations: 

e'^ab) = e'i(a)b + (Ad(^)a)e-fo, e*(ab) = ae*b + (e*a)(Ad(U)b). 
The algebra U~(g) has a unique symmetric bilinear form ( • , • ) such that (1,1) = 1 and 

(e-a, b) = (a, fib) for any a,b G t/~ (0). 
It is non-degenerate and satisfies (e*a,b) = (a, bfi). 

2.2. Symmetry. Let 9 be an automorphism of I such that 9 2 = id and (ag^, &0(j)) — 
(ctj, ctj). Hence it extends to an automorphism of the root lattice Q by 6(a.i) = cto(i), and 
induces an automorphism of U g (g>). 

Let Bg(g) be the K-algebra generated by E iy F iy and invertible elements Ki (i G i) 
satisfying the following defining relations: 

(i) the if j's commute with each other, 

(ii) K e(i} = Ki for any i G i, 

(iii) KiEjK' 1 = q ^i+ a e{i)^) E . and K^K' 1 = g ( a <+ a «(0 -«i)Fj- 
for i, j G i, 

(iv) SjF,- = q-to'^FjEi + fa + 5 g{i) jKi) for i, j G /, 

(v) the .Ej's and the Fj's satisfy the Serre relations. 

Hence B e (g) ~ 17" (fl) <g> K[iffV e /] ® f/+(g). We set = E?/[n]i\ and i^ (n) = 

Proposition 2.2. (i) There exists a Be (g) -module Vg generated by linearly indepen- 
dent vectors and 0_ such that 

(a) Ei(f)± = for any i G i, 

(b) ifj0± = T /or any i G i , 

(c) {tieVJ; EjM = for any % G i} = K0 + © K0_. 
Moreover such a Vg is unique up to an isomorphism. 

(ii) There exists a unique symmetric bilinear form (., •) on Vg such that (0 £l ,0 £2 ) = 
o~ £l ,E2 f or £ i, £ 2 £ {+, — } and (EiU,v) = (u,Fiv) for any i G I and u, v G V#, and 
^ is non-degenerate. 



(2.2) 
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Such a Vg is constructed as follows. 

Let 5? be the quantum shuffle algebra (see [5]) generated by words (ii, for 
G / and I > 1 and (f)'{ and <fi"_ as two empty words. We assign to a word 
(ii, . . . , iz) the weight — (a^ H — • + a^). We define the actions of E iy Fi and K± on J? 7 as 
follows: 





F4\ 


= (i), = (9i), 




Ei(j) 
















Ei{h, 










= (i) * (i u + q ^M{{h,-M-i,e{n)))) {i x 



(2-3) ^(ii, . . . , i,) = (i) * <i ls . . . , k) + q t« i M({h,-,n-i,e(h))))(i lj . . . , e(n)) * (0i) 

i 

= j2 5-( a *.«*i+-+«<^)(i 1> ... > i l/> i > i l , +1 ,...,i,) 

!-«»!_).+««(<!)) g-("fl(i) t «i'+iH Nxij-i+aflCij)) 

•(ii, . . .,i„,9(i),i v+1 , . . . ,ii-i,6(ii)) 

for and z'i, . . . , z'; G J. 

Then the operators Fj and Ifj satisfy the commutation relations (12.21) except the 
Serre relations for the E^s. 

Consider the U~ (g)-module V = U~(q)4>' + © U~ (#)(/)'_ generated by a pair of vacuum 
vectors <fi'±. There exists a unique L r ~(g)-linear map ip: V — > 5? such that <f)' ± i— >• We 
define an action of Sg(fl) on V by 

A^(a0' ± ) = (Ad(*i^ ( i))o)^ 

(2.4) £<(a#t) = ^(a)0' ± + ^(^(e^o))^ for a G U~(q). 
Fi{a4' ± ) = fM'±- 

Then ^ commutes with the actions of Fj, Fi and and its image ip{V') is Vg. 
Hereafter we assume further that 

(2.5) there is no i G / such that 9(i) = i. 

Under this condition, we conjecture that Vg has a crystal basis. This means the following. 
We define the modified root operators: 

E l (u) = J2Ft 1) u n and F<{u) = £ 



when writing u = ^ n>0 F^u n with = 0. Let Lg be the A -submodule of Vg 

generated by F^ • • • F ie (j)± {t ^ and z'i, . . . , z^ G I), and define the subset Bg C Lg/qLg 
by: 

Be := ji^ • • • i^</>± mod gL e ; £ ^ 0, z'i, . . . , U G l| . 

Conjecture 2.3. (i) FiLg C and -EjLg C Lg, 
(ii) -Bg is a basis of Lg/qLg, 
(hi) C B fl , and C BgU {0}. 
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Moreover we conjecture that Vg has a global crystal basis. Namely, let — be the bar- 
operator of Vg, which is characterized by: q = — commutes with the E^s, and 
(0±)~ = 4>± (such an operator exists). Let us denote by Bg(o)^ the A-subalgebra of 
Bg(g) generated by E\ n \ Fi and Kf 1 {% G /). Let (V#)a be the largest £>fl(g)^ -sub module 
of V e such that (Vg) A n (K0 + + K0_) = A0 + + A0_. 

Conjecture 2.4. (L,j, L^, (V^a) is balanced. 

Namely, E := Lg H L e H (VJ?)a — > Lg/qLg is an isomorphism. Let G up : Lg/qLg^^E be 

its inverse. Then {G up (6) ; 6 G Bg} forms a basis of Vg. We call this basis the upper global 
basis of Vg. 

Remark 2.5. Assume that Conjectures 12.31 and 12.31 hold. 

(i) We have j& G Bg ; E { b = for any i G / j = {</>+, 

(ii) There exists a unique involution cr of the £>e(0)-niodule y e suc h that cr(0 ± ) = </> T . It 
extends to the involution a of 5? by a((ii, . . . , ij)) = (ii, . . . , $(*z))- It induces 
also involutions of and i?^. 

(iii) We have o~(b) ^ b for any b G Bg. 

(iv) We conjecture that F^b ^ Fjb for any b E Bg and i ^ j E. I. 

(v) In [2], a i3e(g)-module Vg(A) = Bg(o)(fi\ and its crystal basis Bg(X) are introduced. 
We have a monomorphism of i36)(g)-modules 

ty(A) ~ ^ 

with A = 0, which sends 0a to + + 0_. Its image coincides with {v e Vg ; a(v) = v} 
Any element b G Bg(X) is sent to 6' + er(6') for some b' G -Bg- Moreover, we have 
t(G up {b)) = G up (b') + a(G up (b')). In particular, we have 

Bg{\) ~Bgj ~ . 

Here ~ is the equivalence relation given by 6 ~ crfo. 

3. AFFINE HECKE ALGEBRA OF TYPE D 

3.1. Definition. For p G C* and n G Z^ 2 , the affine Hecke algebra of type .D n is the 
C-algebra generated by Tj (0 ^ i < n) and invertible elements Aj (1 ^ i ^ n) satisfying 
the defining relations: 

(i) the Aj's commute with each other, 

(ii) the Tj's satisfy the braid relation: T{Tq = T Ti, T T 2 T = T 2 T T 2 , TjT i+ iTj = 
Tj + iTjTj + i (1 ^ i < n— 1), TjTj = 7}Tj (1 ^ z < j — 1 < n— 1 or i = < 3 ^ j < n), 

(iii) (T i -p)(T i +p- 1 ) = (0 <n), 

(iv) ToAf 1 ^ = A 2 , TjAjTj = A i+1 (1 < i < n), and T,A, = A,T, if 1 < j, j - 1 or 
i = and j > 3. 

We define H° = C © C and H? = CfAf 1 ]. 
We assume that p 6 C* satisfies 

(3.1) P 2 ^ 1. 

Let us denote by Pol n the Laurent polynomial ring CLA* 1 , . . . , A^ 1 ], and by Pol n its 
quotient field C(A 1; . . . , A n ). Then H° is isomorphic to the tensor product of Pol n and 
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the subalgebra generated by the Tj's that is isomorphic to the Hecke algebra of type D n . 
We have 

Tid = (siajTi + (p- p' 1 ) a _ -j^y for a G Pol„. 

Here, X' a t = Xf 1 X^ 1 (i = 0) and X~ a i = XX^ (1 <; i < n ). The s^'s are the Weyl 
group action on Pol n : (sqo)(Xi, . . . , X n ) = a(X 2 " 1 , X-f , . . . , X n ) and (s^a) (JYi, . . . , X n ) = 
a(X 1 , X i+1 , Xi,..., X n ) for 1 ^ i < n. 

3.2. Intertwiner. The algebra H° acts faithfully on H°/^H°(Ti - p) ~ Pol n . Set 

^ = (1 - X^)^ - (p - p- 1 ) G H° and & = (jr 1 - pX"^)" V e Poln ®Poi„ H° Then 
the action of </?j on Pol n coincides with Sj. They are called intertwiners. 

3.3. Affine Hecke algebra of type A. The affine Hecke algebra H^ of type A n is 
isomorphic to the subalgebra of H° generated by T{ (1 ^ i < n) and Xf 1 (1 ^ i ^ n). 
For a finite-dimensional H^-module M, let us decompose 

(3.2) M= © M a 

ae(C*)" 

where M a = {u G M ; (X, — di) N u = for any i and X ^> 0} for a = (ai, . . . , a n ) G 
(C*) n . For a subset / C C*, we say that M is of type / if all the eigenvalues of Xi 
belong to /. The group Z acts on C* by Z 3 n: an ap 2n . By well-known results in type 
A, it is enough to treat the irreducible modules of type / for an orbit I with respect to the 
Z-action on C* in order to study the irreducible modules over the affine Hecke algebras 
of type A. 

3.4. Representations of affine Hecke algebras of type D. For n, m ^ 0, set F n m : = 

C[X} :1 ,...,X^ m ,D- 1 ] where 

D:= 11 (X i -p 2 X j )(X i -p- 2 X i )(X i -p 2 X- 1 )(X i -p- 2 Xr 1 )(X,-X i )(X i -Xr 1 ). 

1 <j ^n+m 

Then we can embed H° into H° +m ®p i n+m F n>m by 

To H-> <£ n • • • <£i<£ n+ i • • • (p2TQ(f>2 ■ ■ ■ fin+lftl • • • &n, 

Ti i-> T i+n (1 < i < m), 
Xi h-> X i+n (1 < i ^ m). 

Its image commutes with H° C H° +m . Hence H° +m ®p i n+m F n>m is a right H° ® H°- 
module. 

For a finite-dimensional H^-module M, we decompose M as in (13. 2p . The semidirect 
product group Z 2 x Z = {1, —1} x Z acts on C* by (e, ti): oh a e p 2n . 

Let J and J be Z 2 x Z-invariant subsets of C* such that I ("I J = 0. Then for an 
H°-module X of type / and H^-module M of type J, the action of Pol n+m on X <g> M 
extends to an action of ¥ n>m . We set 

XoM:=(H£ +m ® Poln+m F nim ) ® (X®M). 

(HD®HD)® Poln+m F n , m 

Lemma 3.1. (i) Let N be an irreducible Y^-module of type I and M an irreducible 
B^-module of type J. Then N o M is an irreducible B^ +m -module of type I U J. 
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(ii) Conversely if L is an irreducible H° -module of type I U J, then there exists an 
integer m (0 ^ m ^ n), an irreducible H^-module N of type I and an irreducible 
H®_ m -module M of type J such that L~iVoM. 

(iii) Assume that aZ 2 x Z-orbit I decomposes into I = I + U I where I± are Z-orbits 
and I_ = (L|_) _1 . Then for any irreducible H° -module L of type I, there exists an 

irreducible H„ -module M such that L ~ Ind„A^- 

Hence in order to study H D -modules, it is enough to study irreducible modules of type 
/ for a Z2 x Z-orbit I in C* such that J is a Z-orbit, namely / = ± {p n ; n G Z dd} or 
I = ±{p n ;ne Z even }. 

For a Z 2 x Z-invariant subset / of C*, we define to be the Grothendieck group of 
the abelian category of finite-dimensional H°-modules of type /. We set K° = ® n>0 K^^. 

We take the case 

I = {p n ;nE Z odd } 

and assume that any of ±1 is not contained in I. The set I may be regarded as the set 
of vertices of a Dynkin diagram. Let us define an automorphism 9 of / by a 1— ► a . Let 
Qi be the associated Lie algebra (qi is isomorphic to jjL^ if p has an infinite order, and 
isomorphic to Ap if p 2 is a primitive £-th root of unity). 

For a finite-dimensional H^-module M and a G /, let E a M be the generalized a- 
eigenspace of X n on M, regarded as an Hj^-module. Let F a M be the H° +1 -module 

Ind H ^ C j x± j(M®(a)) where (a) is the 1-dimensional representation of C[X n+1 ] on which 

X n+ i acts as a. Then E a and F a are exact functors and define E a : K^ n — > K° n _ x and 

7? ■ K D ^ T<- D 
r a • -^/^ "-I,n+1- 

For an irreducible M G K^ n and a G /, define e a M G KP rt _ 1 to be the socle of E a M . 

Define f a M G K° n+1 to be the cosocle of F a M. In fact, f a M is always irreducible, and 
e a M is a zero module or irreducible. 

The ring Hq = C © C has two irreducible modules <j>±. We understand 

E a ((b)) = e a ((b)) = it l \l = 6±1 ' and F a (0 ± ) = / a (0 ± ) = (a* 1 ). 
I otherwise, 

Let Ve be as in Proposition 12.21 

Conjecture 3.2. (i) K D is isomorphic to (Vg)A/(q — l)(Ve)A- 

(ii) Vg has a crystal basis and an upper global basis. 

(iii) The elements of K° associated to irreducible representations correspond to the upper 
global basis of Vq at q — 1. 

(iv) The operators Fj and Ei correspond to fa and e«, respectively. 

Consider H = <g> C[#]/(fl 2 - 1) with multiplication 0Ti = T fl, = 0Xf 1 and 
commuting with all other generators. Then H is isomorphic to the specialization of the 
affine Hecke algebra of type B in which the generator for the node corresponding to the 
short root has eigenvalues ±1. This explains why the crystal graph in the above case is 
a double covering of the crystal graph for the same Z2 x Z-orbit in type B. (See Remark 
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